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The main purpose of this paper is to determine the spectrum of the generalized
difference operator A, over the sequence space [, where 1< p <. The operator A, on the

space [l is defined by Ax=A (x,)=0,x, v, X, );, withx_, =v_ =0, where
x =(x,)el, and (v) is a strictly decreasing sequence of positive real numbers satisfying

certain conditions. In this paper, some results concerning the spectrum, the point spectrum,
the residual spectrum and the continuous spectrum of the operator A, on the space 1, have

been found.
Key words: spectrum of an operator, Generalized difference operator, The sequence

space/,, .

1. Preliminaries, background and notation
Let X and Y be Banach spaces and 7: X — Y be a bounded linear operator.
By R(T), we denote the range of T, i.e,
R(T)z{y eY :y=Tx,x eX}.
By B(X), we denote the set of all bounded linear operators on X into itself. If
T e B(X), then the adjoint 7" of T is a bounded linear operator on the dual
X of Xdefined by (T 'f )x)=f (Tx), forall feX and xeX.

We shall need some basic concepts in spectral theory which are given as
follows (see [11, pp. 370-371].
Let X #{6} be a complex normed space and 7 : D(T)—> X be a linear

operator with domain D(T) < X. With T we associate the operator

T, =T — Al,
where A is a complex number and / is the identity operator on D(T). If 7, has
an inverse, which is linear, we denote it by 7;', that is

T, =(T - A",
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and call it the resolvent operator of T. A regular value A of T is a complex
number such that

(R1) T, exists,

(R2) T, 'is bounded,

(R3) T, 'is defined on a set which is dense in X.

The resolvent set of T, denoted by p(T",X ), is the set of all regular values 4
of T. Its complement o(T',X) =C \ p(T ,X ) in the complex plane C is called
the spectrum of T. Furthermore, the spectrum o(7',X ) is partitioned into three
disjoint sets as follows:

The point (discrete) spectrum o,(I',X ) is the set such that 7;' does not
exist. Any such 1eo,(T',X) is called an eigenvalue of T.

The continuous spectrum o, (T ,X ) is the set such that 7,' exists and
satisfies (R3) but not (R2), that is, 7, is unbounded.

The residual spectrum o, (T ,X ) is the set such that 7, ' exists (and may be
bounded or not) but does not satisfy (R3), that is, the domain of 7, is not

dense in X.

By w, we shall denote the space of all real or complex valued sequences.
Any vector subspace of w is called a sequence space. We shall write
l.,c, c,and by for the spaces of all bounded, convergent, null and bounded

variation sequences, respectively. Also by /,, /, and bv, we denote the spa-
ces of all absolutely, p-absolutely summable sequences and p-bounded

variation sequences, respectively.
Let A and u be two sequence spaces and 4 = (a ) be an infinite matrix of

real or complex numbers a,; , where n, k e N = {0,1,2,...} . Then, we say that
A defines a matrix mapping from A into x, and we denote it by 4: 14— u, if
for every sequence x =(x,)e A, the sequence Ax={(4x),}, the A-transform of
X, isin u, where
(Ax), =Y a,x,, (neN). (1.1)
k

For simplicity in notation, here and in what follows, the summation without
limits runs from 0 to . By (4, ), we denote the class of all matrices 4 such

that 4:4— u. Thus, 4 €(4, p) if and only if the series on the right side of

(1.1) converges for each neNand every xed, and we have
Ax ={(4x),},., eu for all xeiA. We assume throughout unless stated

otherwise that p,q >1 with p~'+¢' =1 and we use the convention that any

term with negative subscript is equal to naught.
The fine spectrum of the difference operator A over the sequence
spaces ¢, and c has been determined by Altay and Basar [5]. Akhmedov

56



and Basar [1, 2] have studied the fine spectrum of the difference
operator A over the sequence spaces /, and bv,, where 1<p <w. Note that

the sequence space bv, was introduced and studied by Basar and Altay [8]
and Akhmedov and Basar [2]. Malafosse [13] has studied the spectrum and
fine spectrum of the difference operator over the space s,, where s, denotes
the Banach space of all sequences x=(x,) normed by

b |
||x|| =sup——, (r>0).
Sr K T

The fine spectrum of the Zweier matrix operator Z* over the sequence
spaces /, and bv has been examined by Altay and Karakus [7]. The fine

spectrum of the generalized difference operator B(r, s) over the sequence
spaces ¢, and c has been determined by Altay and Basar [6]. Also, the fine

spectrum of the operator B(r, s) over the sequence spaces /, and bv,, where
1< p <o has been determined by Bilgi¢ and Furkan [9].
Srivastava and Kumar [14] introduced the generalized difference
operator A, on the sequence space ¢, as follows: A : ¢, —>c¢,,
Ax=AX,)=0,x, =V, X, )i Withx_ =v =0,
where x =(x,)ec, and (vx) is either constant or strictly decreasing sequence

of positive real numbers satisfying
limv, =L >0 and supv, <2L.
k

k>
The fine spectrum of the operator A, over the sequence spaces ¢, and /, has been

determined by Srivastava and Kumar [14, 15]. Akhmedov and El-Shabrawy [4]
have studied the spectrum of the operator A, over the sequence space c. The same

problem, in the case when the sequence (vx) is assumed to be constant except for
finitely many elements has been investigated by Akhmedov [3] over the sequence
space/, , where 1< p <oo.
Our main focus in this paper is on the matrix A, , where
vy, 0 0
v, 0

vV
0 —v, v,

Throughout this paper, we assume that () is a strictly decreasing sequence of
positive real numbers satisfying ]}imvk =L >0 and v,<2L. The case when

(vx) 1s constant sequence is not considered here.
The purpose of this paper is to study the spectrum of the operator A, on the

space [, where 1< p <.

Now, we may give:
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Lemma 1.1 [12, pp. 174]. Let 1<p<wand let Ae€(l,,1,)n(,,1,). Then
Ae(,,l,).
Lemma 1.2 [10, pp. 59]. T has a dense range if and only if T" is one to one.
2. The spectrum of the operator A on the space /,, (1<p <©)

In this section, the spectrum, the point spectrum, the residual spectrum and the
continuous spectrum of the operator A, on the space /,, where 1< p <o have been

examined.
1

Theorem 2.1. A :/, — 1, is a bounded linear operator and 2;\/0 <

AV

<v,.

l,
Proof. The linearity ofA is trivial and so is omitted. Let us take any
x =(x,)el,. Then, using Minkowski’s inequality, we have

1 1 1
sl =(Zher w5 Thonl ) o Shemar | <
k k k

1 1 1 L
<(suob ) (Sl |+ (sumbocl J (Sheocl | =2l
k k

Then |A, |, <2v,.
On the other hand, let y =(1,0, 0, 0, ...). Then
Ay o1
8], 2 =—==(2bal )7 =27v,.
aah

1

Thus A, ”1,, >2%v,. This completes the proof. [
Theorem 2.2. o(A,,[,)={AeC:|A-L|<L}.
Proof. First, we prove that (A —-Al)" exists and is in B(l ,) for
Ag{ieC:|A-L|<L} and then the operator A, —A/ is not invertible for
ﬁe{ﬂeC :|2,—L|SL}.

Let Ag{AieC:[A-L|<L}|. Then,A#v, for all k eN and so A —AI is
triangle, and hence (A, —AI)"exists. Let y =(y,)el, and solving the

equation (A, —Al)x =y , for x=(x,) in terms of y, we get

VY-V Vi, 1

X, = Yo+t V, ,+—v,,keN.
Wm0, =), A W, =, - T e, ="
Then, Y| x,|<> R, |y,|, where

k k

1 % V.,V
R, = + k + kil +..., keN.
oA b A=A b= Aba -Abes -4
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nE
Since lim k
k~>00|v —

k+1

|=| L |<1. Then there exist k, e N and g, < 1such that
Al 1L -2

vk

<q,, forall k& >k. Then, foreach k 2k +1,

Vk+1 -

R, Sm[l+qo+qg + ... ]

But, there exist k£, e N and a real number g, <Li such that ﬁ <q,, for all
-

k >k, . Then,

Rk < ql
1-q,
for all k >max{k,, k,}. Thus supR, <oo. This shows that (A, —AI)" e(l,, ).
k

Similarly, we can prove that (A —AI)" e(l,,1,), and so (A -A)" e, )L, L,).
Then, from Lemma 1.1, we have (A, -A7)" €(l,,1,). Thus o(A,,Zp)g{/leC:|/1—L| SL}.
Conversely, suppose that Ag¢o(A,,l,). Then (A —A1 Y'eB(l ,). Since
(A, — Al -transform of the unit sequence ¢ =(1,0,0,...) is in / ,» We have
1im| v | L
e>oly,  —A] L -4
is compact set, and so it is closed. Then {AeC:|A-L|<L}co(A,,l,). This

<1.Then {1eC:[A-L|<L} co(A,,l,).But, o(A,.l,)

completes the proof. [
Remark 2.1. From Theorem 2.1 and Theorem 2.2, we can easily prove that
2L <|A, |, <2v,.

We should remark the reader from now on that the index p has different
meanings in the notation of the spaces/,, /, and the point spectrums
o,(ALL), o, (ALl ;) which occur in the following two theorems.

Theorem 2.3. o, (A, ,/,)=D.
Proof. Suppose A x =Ax forany x in /,. Then
v,—-Ax,=0and v, x, +(v,,, —A)x,,, =0, forall k eN.
Hence, for all A¢{v,:keN}, we have x,=0, for all keN. So,
A¢o,(A,,l,). This shows that o, (A,.],)c{v, ik eN |.
Now, let A=v,. If x,=0, then x, =0, for all 4 >land so

*

A=v,e0,(A,.l,). Also, if x,#0, then x, = V- x,,#0, for all £ >1and
Vi =Vo

hence
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_| VoVi-Via
el 0, =)0, —vy) o 0,

for all k>1. This contradicts the assumption that x e/,, and so

o>
V0)|

v,€0,(A,,l,). Similarly, we can prove that v, ¢o,(A,,7,), for all k£ >1. Thus
o (A,1)=D.1]

If 7:1,—1,, where 1< p <o, is a bounded linear operator with matrix 4,
then the adjoint operator T ":/, — [, is defined by the transpose of the matrix
A. Tt is well-known that the dual space /, of [, is isomorphic to /, with
pl+qg=1.

Theorem 2.4. (i) {AeC:|A-L|<L|U{v,}co,(A.L),

(i ) {xleC sup|L2—2 <l}go—p(A:,l;),

/1‘<1}.
v'l
Proof. Suppose that Af =Af for [ =(fy.f,.f,..)#6inl =I, where

l<p<ow and p~' +¢47' =1. Then, by solving the system of equations
vofo v i =4 o vifi Vi =i Vi = A
we obtain that f, , :ufk, keN .Then f,#0,since / #6.

Vi

@) It is clear that, for all £k eN , the vector f =(f,,f,-/f;,0,0,..) 1S an

eigenvector of the operator A, corresponding to the eigenvalue 1 =v, , where

A

f,#0 and f, =22"Zr  for all 1<n<k. Thus {vi.:keN}co,(A.L).

(i) o, (A, p)c{/ieC inf |

n-1

q

Also, D If,[" <o if limr@ =
% kool f

{AeC:a-Ll<L}ulv,}co, (A, p)
_ V=DV, =) —

VYV,

<1.Thus

‘L—iq

(i) We have £, fo,k >1. Then

ST A+ S BB sy g S aplteA [

VoViVia

Thus, {/1 eC :sup Y
N

—4 <1} gap(A:,I:).

n

n
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*

(@iii) Let 2eo,(A;,1)). Then there exists f #@in [, =/ such that A)f =Af .

vo'p

Therefore the series Y '|f,|* is convergent, and so,
k

0 kq © q
R B R e I
ol ooV, k:1| VYV |
=] <o
k
This implies that inf v, =4 <1.0]
n vn

The equalities in Theorem 2.4 (i)-(iii) do not hold in general. Let us give the
following example.
Example 2.1. Let p =2 and consider the sequence (v, ) such that v, = 2kk+ 35 .
+

Clearly, (v,) is a strictly decreasing sequence of positive real numbers and

. 1
limv, =L =5,supvk :v0=%£1=2L. For 2=1, we have
k

k —o
A—v, 1-v, k+2
v, v, k+3°
If we suppose that A f =(1)f for some f =(f,.f,.f5....) # 6, then we obtain

v, -1

that /, #0, f, =

f, ., k=1, and so

k-1

2 e 2 & |1—v |2|1—v |2 |1—v _ |2_ 2 2 w[ 1 Jz
kZIfk| _Ifo| +|fo| kz:;| V00| | . 1| | ij 1| —|f0| +4|f0| kz:; P < o0,

Then f e/, =/, and so, A=leo,(A;,1;). But 1g{ieC:|A-L|<L{uU{v,} and

/1<1}.

On the other hand, if we consider the sequence (v,) such that

v, =k +3-~k’+5k +6, then (v,) is a strictly decreasing sequence of positive

vV,

v

n

lﬁ{leCzsup

. 1 .
real numbers and limv, =L = Supy, = 3-.6 <1=2L . We can easily see that
k

k —o©
4 <1}.

Theorem 2.5. o,(A,,l,)=0,(A.1).

v Tp

vV,

lgo,(A,,1,) and le{/leC :inf

v

n

Proof. The proof follows immediately from Theorem 2.3 and Lemma 1.2. []
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The following theorem follows immediately from Theorem 2.4 and
Theorem 2.5.

Theorem 2.6. (i){AeC:[A-L|<L}u{v,}co,(4,.1,),

v, —A

v

n

<1}g0'r(Av,lp),

—4 <1}.

Vﬂ
n

v

(ii){/leC sup

(iii) o,(A,,1,) {/1 eC :inf

Theorem 2.7. o,(A,,[,)=0(A,,[,)\o, (A, ).

Proof. The proof follows immediately from Theorem 2.3 and Theorem 2.5. [
The following theorem follows from Theorem 2.2, Theorem 2.4 and
Theorem 2.7.

Theorem 2.8. (i) 0,(A,.l,)c{AeC:|A-L|=L}\{v,},

v, —A

(ii){AeC :|/1—L|SL}m{/1€C inf

Zl}gO‘C(AWZF).
v

n

3. Conclusion
In this paper, some results concerning the spectrum, the point spectrum,
the residual spectrum and the continuous spectrum of the operator A, on the

space [, have been found. We have the following main results
o(A,.1,)={AeC:|A-L|<L},
o, (A ,1,)=2.

In order to compute the residual spectrum and the continuous spectrum of
the operator A, over the space/, in general, we first compute the series

|’1

3

g :Z|(v0—/1)(vl ) v, = 2)

VoV Vg

where 1< p <o and p~' +¢~' =1. Then we have

o,(A,,1,)={AeC :S is convergent series},

o, (8, 1,)=0,(4,1,),

o. (A 1L)=0(A,,1)\o, (A, L)
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I, (1< p <o) FOZASINDA A OPERATORUNUN SPEKTRI HAQQINDA

S.R.EL-SABRAVIi
XULASO

Isin asas mogsadi /, (1< p <o) fozasmda iimumilosmis A, forq operatorunun spek-

trini mioyyon etmokdir. [, (1<p <o) fozasmda A, operatoru A x =A, (x ; ) =

o0 . . . .
=(v,x,-v,.x,,) ,,x_=v_ =0 kimi toyin olunur. Burada x=(x,)€/ vo (v,) miioy-

yon sortlori 6doyan ciddi azalan miisbat adedlor ardicilligidir. Bu igdo A, operatorunun /,

fozasinda spektri, ndqtavi spektri, qaliq spektri vo kasilmaz spektri tapilmigdir.
Acar sozlor: operatorun spektri, imumilosmis forq operatoru, ardicilliglar fozasi.
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O CIIEKTPE OIIEPATOPA A, B IIPOCTPAHCTBE 1/, (1< p <)

CAA/J P. DJIb-IABPABU
PE3IOME

OCHOBHO# IIeNbI0 HACTOSIIEH pabGoThl SBISCTCS HAXOKIECHHE CIEKTpa OGOGIIEHHOTO
pasHocTHoro onepatopa A, B mpoctpanctee [, (1< p <o0).Omnepatop A, B mpocTpaHcTBe

I, onpenemsiercst cnefyiommm obpasom: Ax =A (x,)=(v,x, —v,.x,,)  ,x,=v_ =0. 3xech

x:(xn)elp u (v,) cTporo yObIBarolias IOCIEIOBAaTEIbHOCTh AEHCTBUTEIBbHBIX YHCEI,

YIOBJIETBOPSIOLIAs HEKOTOPBIM JOMOJIHUTENBHBIM YCIOBHAM. B 3T0H paboTe ObUTH HalileHBI
CIIEKTpP, TOYEYHBIH CIIEKTP, OCTATOYHBIM CIEKTP, HENPEphIBHBIA CIeKTp omepatopa A B

vV
HPOCTPAHCTBE /..
KaoueBble ciioBa: CIieKTp orepaTopa, OOOOIIEHHBI Pa3HOCTHBIA OMeparop, Mpoc-
TPaHCTBO ITOCIIET0BATEINEHOCTEH.
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